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We report theoretical and experimental results on the radiation pattern of the ion acoustic 
waves below the ion cyclotron frequency from a small probe in a streaming magnetoplasma. In 
the fluid approximation with cold ions the ion acoustic resonance cones are found to be 
drastically changed. Experimental ray velocities and constant phase surfaces are in good 
agreement with the theoretical results. 

1. Introduction 

In the past years there has been a considerable 
interest in radiation phenomena of ion acoustic and 
electrostatic ion cyclotron waves in a stationary 
magnetoplasma. Already in 1974 Kuehl [1] theoret-
ically showed that the potential of an oscillating 
point charge, for frequencies below the ion cyclo-
tron frequency, contains a new resonance cone due 
to the ion acoustic wave. In a theoretical paper 
Burrell [2] showed that these new ion acoustic 
resonance cones occure for frequencies 0 ^ co 
^ min(w p j , oja) and max (copj, wci) ^ co ^ wih- The 
interference structure associated with these cones is 
sensitive to the ion temperature and could be used 
for ion temperature measurements in plasmas that 
meet the conditions of his theoretical derivation: 
T,/Tt< 1 and coct copi. Experimentally ion acous-
tic resonance cones were first observed by Ohnuma 
et al. [3]. The observed cones were in quantitative 
accord with theoretical results which include the 
effect of ion temperature. Simultaneously Belan [4] 
theoretically and experimentally showed that the 
resonance cones are asymptotes of hyperbolic con-
stant phase surfaces of ion acoustic waves. Above 
coc; the surfaces transform into ellipses which are 
related to the electrostatic ion cyclotron waves and 
ion acoustic waves. Ohnuma [5] also measured ray 
velocities of ion waves near the ion cyclotron fre-
quency. They were found to be restricted to a fixed 
cone angle which corresponds to the low frequency 
resonance cone angle. 

Reprint requests to M. Cercek, J. Stefan Insitute. Jamova 
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It was already shown, theoretically [6 -8 ] and ex-
perimentally [9, 10], that the electron drift causes 
pronounced changes in the properties of high fre-
quency resonance cones. It is the purpose of this 
paper to investigate the properties of the ion acous-
tic resonance cone in a streaming plasma. 

In Sect. 2 we give the theoretical analysis in the 
fluid approximation, in Sect. 3 we describe the 
experimental set up and in Sect. 4 we present 
experimental results. In Sect. 5 we discuss these 
results and in Sect. 6 make some conclusions. 

2. Theoretical Analysis 

We consider a small exciter probe with a charge 
distribution qcx = q exp(— / co t) S(r) in a streaming 
magnetoplasma. The plasma flows with a velocity 
^ d ^ ' d / t ' s ) along the magnetic field B() = B()z. In 
the electrostatic approximation the potential of the 
probe can be deduced from the fluid and Poisson 
equation and is given by 

JK R 

(p{R. i) = 
qe R +

f
xoex(/r>e' 

(2 7t) £ 0 r J , D(K) 
dA, (1) 

where oex(A) = 1 for a point charge, K and R are 
the normalized wave number vector and the obser-
vational vector, respectively, and £ 0 ' s the dielectric 
constant in vacuum. Both vectors are normalized by 
Rl = cs/coCi as 

K=kRL, R = r/RL, (2) 

where c s = (y. Te/m\)u2 is ion acoustic velocity, x is 
Boltzmann's constant and Te and /;;, are the electron 
temperature and the ion mass, respectively. In (1) 
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and in the following calculation we make use of the 
cylindrical symmetry about the magnetic field B0: 

KL = K sin 0 , 

o = R sin 0 , 

Kz = K cos 0 , 

Z = R cos 0 . ( 3 ) 

The dispersion function D(K) can be expressed in 
the fluid approximation with T = TJT\ > 1 as 

D Kz) = K] 
(Q - K._ vdy 

(4) 

(Q-KzVd)2- 1 
k D e 

where £> = w/a>c; is the normalized frequency, Q p i 

= copi/coCi the normalized ion plasma frequency and 
Kf)e = n0 e2 Ri/f:o x Fe the normalized electron Debye 
wave number. 

After integration of (1) with respect to the azi-
muthal angle the potential is given by 

<D (Q, Z, 0 = 
qe 'R 
4n2e0r 

J e « ' z ) 
( 5 ) 

Jo(Kxo) 

0 D(K±,K;) 
K±dK±dK:. 

The integral over K L can be evaluated explicitly by 
using the residue theorem, 

i q e~i,ül R 
(D (o, Z , / ) = 

8 n r. o /• 
X 

• l e 
iKzZ dA- . . (6) 

D'(K:) 

In (6) H{)" is the zeroth-order Hankel funct ion of 
the first kind and D'(K-) is given by 

dD 
D'(K:) = 

dK2, 
( 7 ) 

•±! D(K_L,K:) = 0 

The pole of the integrand is given by the ion 
acoustic root of the dispersion relation 

D(K±,K:) = 0. (8) 

It is shown in Fig. 1 for Fd = 0 and Fd = 0.2. We 
introduce a spherical coordinate system (R, 0 , Z) , 
and by keeping the coordinates R and 0 sufficiently 
large we replace the Hankel function by its asymp-
totic expansion. Equation (7) can be rewritten as 

q i exp J - i(a> t+ n/4)\ R 
0. t) = 

4 TI £0 | /2 N R sin 0 r 

exp[/ RQ{K-_,0)\ 

D'(KZ)K{[2(KZ) 
dK., ( 9 ) 

where 

Q (K:, 0) = Kx (K:) sin 0 + K- cos 0 . (10) 

We now have an integral that is in the stationary 
phase form [11], as long as D'(K:)~] K~W2(K:) can 
be considered slowly varying. The main contribu-
tion to the integral comes f rom small regions near 
the stationary points given by 

(dÄ"± {Kz)/dK.) sin 0 + cos 0 = 0 . ( I D 

The solutions Kzs = Kzs{0) of (11) are plotted in 
Fig. 2 for Fd = 0 and Fd = 0.2. 

If all the stationary points are distinct, the asymp-
totic expansion of (9) is 

q i exp [— i(co t + n/4)\ 
<&(R. 0. / ) = 

4t: E0 s i n 1 / 2 0 RR 

1 
exp {/ R Q (Kzs, OY 

where 
r Q"(K:s,0) W2K^D'(Kzs) 

d 2Q d 2K± . 
Q = r = 7" sin 0 . 
* dK: dK2 

, (12) 

If two stationary points are coalescing or, in other 
words, if Q"= 0 for a given angle 0 , the asymptotic 
expansion of the integral (9) must be modif ied. 
Inspection of the dispersion curve on Fig. 1 shows 
that there is an inflection point for Fd = 0.2 at 
0 = 0^+ (marked by an arrow), and from Fig. 2 we 
see two stationary points coalescing at 0 = <9^+, i.e. 
in the downstream direction. An asymptotic expan-
sion in such a case was investigated by Chester et al. 
[11]. It may be shown that the result is given by 

- q exp {— i(co t + ti/4)} /zr" 
a>(/?. 0. t) = 

4TI £ 0 ( ß ^ L ) 5 / 6 s i n <9 

r!/2\l /2 
( ~ Q U Z ) 

= 1/4 

D'(KZ])(K±]K'UY 

'iRu Ai(R2n c) , 

+ 
D'(Kz2)(KL2K'h)l/2 

( 1 3 ) 

where 

C = ( | ) 2 / 3 [ ' c o s 0 (KZ2-KZ]) + Isin 0 (K12-K±,)]2/3, 

a = \ [i cos 0 ( £ . , + KZ2) + / sin 0(KU + A x 2 ) ] • 

The Airy funct ion behaviour revealed in (13) means 
that there is a spatial interference pattern associated 
with the ion acoustic resonance cone in a streaming 
plasma and in the cold ion approximat ion, analo-
gous to the one associated with the drif t modif ied 
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cold plasma resonance cone [8]. The angle of the 
maximum potential 0'cd+ is a little smaller than 0 ^ + 
but very much smaller than the cold resonance cone 
angle 0 c = a r c s i n ß in a stationary plasma. For 
angles© near n — 0C in the upstream direction the 
inspection of (12) shows that the ampl i tude of the 
wave potential has a maximum at an angle 
0cd_ > 0'cd- > 0C (Figure 10). 

The stationary points given by (11) should give 
together with the dispersion relation (8) the magni-
tude and the direction of the wavenumber vector 
K(K, 0) at an observation point R(R, 0). By using 
the relations (3), (11) can be written as 

t g ( < 9 - 0 ) = 
1 dK 

~K~d& 
= tg i . (14) 

This is the equation which describes the relation 
between the directions of the group and phase 
velocities [12]. The group velocity vector Fg(Fg ,<9) 
is in our problem therefore directed radialy out-
ward. It is therefore very useful to investigate the 
group, phase and ray velocities which can be deter-
mined from the dispersion relation. From the latter 
the constant phase surfaces can be deduced, which 
can be directly compared with the experiment. 

The magnitude of the group velocity can be 
expressed in terms of D (K±, K:) as 

dD 

0 K , 

8 D idD\2 

ä ß / + \dK, a Ql 

8 D \ 2 1/2 

and its direction as 

a K± 
Ct2 0 — 

dD I dD 

(15) 

(16) 
a K: dKJdK± 

The phase velocity is given by 

VP=(Q/K:) c o s 0 (17) 

and the ray velocity, being the phase velocity in the 
direction of the group velocity, by 

VT = (Q/K) 1/cos a . (18) 

The equation of constant phase surface is obtained 
from 

R = (cot- Q/K cos i , (19) 

where C is a constant. 
Using (15) to (19) we have constructed phase, 

group and ray velocity polar plots as given on 
Figs. 3, 4 and 5. Figure 3 was plotted for a stationary 
plasma to facilitate the comparison with the results 

a =o,5 

0.5 0.5 

Fig. 3. Normalized phase velocity Vp (right side), g roup 
velocity V„ and ray velocity Fr (left side) plot versus the 
angle to tne magnetic Field in a stationary plasma. The 
marks on the phase velocity curve correspond to those on 
the group and ray velocity curves. 

in the streaming plasma. The phase velocity is real 
only for angles <T> ^ <2>0

= arccos Q. The angle </>0 is 
the phase velocity resonance cone angle. The group 
velocity is real only for angles 0 ^ <9C, the group 
velocity resonance cone angle. The ray velocity Fr 

tends to infinity at 0 = <9C. 
In the streaming plasma the situation is drastical-

ly changed. In the downstream direction, Fig. 4, the 
phase velocity is real for all angles 0 ^ & ^ n/2 and 
there is no phase velocity resonance cone angle. The 
group velocity resonance cone angle 0cd+ still exists, 
but is smaller than the resonance cone angle 0C in 
the stationary plasma. The most interesting aspect 
of this figure is the double valued group velocity for 
0 < 0 c d + . The double value of the group velocity 
arises from the fact that two phase velocities point-
ing in two different directions can have their cor-
responding group velocities pointing in one and the 
same direction. The two values of the group velocity 
correspond to two propagating waves forming the 
interference structure given by (13). The ray velocity 
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Fig. 4. Normalized phase velocity VP (right side), group 
velocity V„ and ray velocity Vx (left side) plot versus the 
angle to the magnetic field in the downstream direction for 
Q = 0.5 and Vd = 0.2. The marks on the Vp curve corre-
spond to those on the group and ray velocity curves. 

is finite on the resonance cone and is also double 
valued inside it. 

In the upstream direction. Fig. 5, the phase velo-
city is real only for angles <t>d and is double valued. 
The group velocity is single valued and real for all 
angles n^&^O. For angles 0^ n/2 the axial com-
ponents of the group velocity and phase velocity are 
antiparallel, so there is a new backward wave in the 
downstream plasma. The ray velocity retains its 
hyperbolic form for angles < 9 ^ 7 r - 0 c d _ and is 
single valued for all angles 0. 

Finally we should point out that there should 
appear a new interference structure for angles 
(9cd+ 1— (9Cd-, analogous to the interference 
structure associated with the high frequency reso-
nance cone in a drifting plasma [7, 8], This new 
interference pattern arises due to the interference of 
the new wave for 0 < n - 6>cd_ with the nonpropa-
gating potential outside the downstream resonance 

cone. As can be seen from the ray velocity plot, the 
phase of the wave in that range varies very fast with 
the angle 0 giving the interference structure. 

3. Experimental setup 

The experiment was performed in an ECR plasma 
device shown schematically on Figure 6. The stain-
less steel vacuum chamber with the plasma source is 
situated in a dc magnetic field, uniform in the ex-
perimental region. The plasma source is an open 
ended circular waveguide which continuously cou-
ples microwave power (10 W, 9.3 GHz) into the 
plasma at ECR. The source grid separates the 
experimental region from the source region and 
improves the quiescence and homogeneity of the 
plasma column. Helium gas is continuously leaked 
through the system and the pressure is precisely 

Fig. 5. Normalized phase velocity K (right side), group 
velocity Fg and ray velocity Vr (left side) plot in polar 
coordinates in the upstream direction for Q = 0.5 and 
Vd = 0.2. The marks on the Vp curve correspond to those 
on the group and ray velocity curves. 
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controled by a needle valve. In the experimental 
region the magnetic field is decreased to a uniform 
value of 0.17 T and the plasma forms a column of 
7 • IO-2 m in diameter and 0.50 m long. The plasma 
density is about 2 - 1 0 l 5 m - 3 and the electron tem-
perature is 2 - 3 eV. Both parameters were obtained 
by a Langmuir probe. The exciting and detecting 
tungsten wire probes (d= 1.15• 10 _ 4m, / = 4 - 1 0 _ 3 m ) 
are movable along and perpendicular to the mag-
netic field. We have used (2 — 5 ) 1 0 _ 3 m probe 
lengths. No dependence of potential pattern on 
probe length was noted. The potential patterns 
versus axial distance are displayed on an xy re-
corder using the interferometer technique. 

4. Experimental results 

Typical interferometric patterns of the ion acous-
tic waves are shown in Figure 7. The signals were 

ft K 
O = 0.85 \ Vd=0.2 

'V v ...r 
exciter —"" ti -Q̂dV̂  

tv„ 

^ t » . 

t e . 

- 1 

-0.5 

0.5 

• n = o.t5 

• n = 0.60 

. n = 0,85 

vd = 0.2 

-0.5 

- 0 . 5 

- -1 

Fig. 8. Experimental and theoret ical constant phase curves 
for / = 565 kHz, / c i = 665 kHz and Vd = 0.2 in the down-
stream and ups t ream directions. 

Fig. 9. Experimental and theoretical ray velocities versus 
the angle 0 for several values of exciter f r equency and for 
Vd = 0.2 in the downs t ream and ups t ream direct ions. 

obtained with an axially movable probe at different 
radial distances from the perpendicularly movable 
probe. The ion acoustic wave measured at the radial 
distance /• = 0 obeys the simple dispersion relation 
to = k: cs ± / d. The measured phase velocity at 
/* = 0 is in good agreement with the ion acoustic 
ve loc i t y c s = (x F e / w H e ) 1 / 2 = 6 .4 • 103 m / s w i t h F e = 
2 eV measured with the Langmuir probe. The mea-
surements give for the drift velocity rd = 1.3 • 103 m/s. 
All plasma parameters dependend on the working 
pressure (10 - 4 - 10 -3 torr). 

In Fig. 8 the wave fronts, which were obtained 
from the experimental data like those in Fig. 7, are 
plotted in polar coordinates. The angle 0 is mea-
sured from the magnetic Field axis r parallel to the 
drift velocity direction. The plotted wave fronts are 
in fact constant phase surfaces. They show the well 
known hyperbolic behaviour for frequencies Q < 1 
but are not symmetric with respect to the source 
because of the additional anisotropic property of 
the medium, the stream of the plasma. In Fig. 9 the 
measured ray velocities are presented for various 
detection angles with the exciting frequency as the 
parameter. The measured angular pattern of the 
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Fig. 10. Experimental and theoretical wave ampli tude pat-
tern versus the angle 0 in the upstream and downstream 
directions for / = 400 kHz. /cj = 665 kHz and Vd = 0.2. 

wave amplitude is plotted versus 0 for Q = 0.6 in 
Figure 10. In the upstream direction it increases a 
little at first as the angle 0 increases and then 
decreases to zero. In the downstream direction it 
only decreases with the angle 0. 

5. Discussion 

In Fig. 8 the closed circles indicate the observed 
constant phase surfaces and are in good agreement 
with the theoretical ones obtained from (19). which 
are shown by the solid lines. The measurements 
were done with f = 565 kHz. /ci = 665 kHz. Fe = 2 eV 
and Fd = 0.2. However we were not able to measure 
constant phase surfaces for Kz(0) ^ A ' z (0 c d + ) and 
-Kz{0)^-Kz{7r-0cd_) (Figure 2). Fhe solid 
curves in Fig. 9 are the theoretical ray velocities 
calculated from (18). Fhe experimentally obtained 
values are found to be in good agreement with 
theoretical ones. The results are eiven for the same 

plasma parameters as in Figure 8. It is very interest-
ing that the resonance cone shift as measured from 
ray velocity surfaces is not equal in both directions 
of the plasma stream. For Fd = 0.2 and Q = 0.45 it 
is + /I0cd_ = 230 in the upstream direction and 
- z f 0 c d + = 14° in the downstream direction. This 
fact is also confirmed by the experiment. 

Next we discuss the wave ampli tude versus the 
angle 0. In Fig. 10 the theoretical wave ampli tude 
has a maximum in the upstream direction at 
0 = 7 i -0 c d _ . Experimentally, the amplitude increases 
at first to the angle 0 = 10° (= n - 170°) and then 
decreases to zero at the angle (9 = 50°. In the down-
stream direction we should obtain, according to the 
theory, an Airy interference structure with the 
primary maximum at 0 c d + = 16°. The experimental 
data only decrease with 0 to zero at 0 = 24°. We 
notice that the interference structure is totally miss-
ing and that there is no wave in the region of 
0 c d + ^ 0 ^ k - 0 c d _. In order to get better agreement 
with experiment we think it is essential to take into 
account: (a) the results of the investigation of 
Ohnuma [13] where the ampl i tude of an ion acous-
tic wave was greatly enhanced in the direction of 
the magntic field even though the plasma itself was 
isotropic. It is possible that the source coupling 
mechanism is important; (b) Kinetic theory and 
damping should be applied. The theoretical and 
experimental results [14. 15] show that the damping 
of ion acoustic waves in a magnetic field increases 
with propagation angle. The angular ampli tude 
pattern may be considerably altered when the warm 
plasma model ( F j # 0 ) is used. This might be the 
aim of a future investigation. 

6. Conclusion 

In this paper the effect of a field aligned plasma 
stream on the ion acoustic resonance cone and ray 
velocity surface in a magnetoplasma has been in-
vestigated theoretically and experimentally. The 
main result of the theoretical investigation in a fluid 
approximation is that the group velocity resonance 
cone disappears in the upstream direction of the 
plasma flow and the downstream group velocity res-
onance cone angle is smaller than the cone angle in 
the stationary plasma. The group and ray velocities are 
double valued in the downstream direction. In the 
amplitude pattern an interference structure appears 
for angles 0 ^ 0 ^ 0 c d + and 0 c d + < 0 < n — 0Cd--
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T h e e x p e r i m e n t a l resu l t s c o n f i r m t h e t h e o r e t i c a l 
p red ic t ions fo r t h e ray ve loc i ty p a t t e r n f o r s m a l l e r 
p r o p a g a t i o n ang les 0 , b u t f o r l a rge r v a l u e s a n d f o r 

the desc r ip t ion of a m p l i t u d e m e a s u r e m e n t s t h e 
m o r e a d e q u a t e k ine t i c t h e o r y w i t h inc lus ion of 
col l is ional w a v e d a m p i n g s e e m s to b e necessa ry . 
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